The relation between dynamics of quantum entanglement and dynamics of molecular vibrations is explored by the Lie-algebraic approach. The analytical expression of reduceddensity matrices is obtained by using the algebraic model. The linear entropy, von Neumann entropy and the Lyapunov function are employed to measure the quantum entanglement for various initial states, respectively. The mean values of entropy and the Lyapunov function are also discussed.
§1. Introduction
Quantum entanglement has many applications in the emerging technologies of quantum computation, quantum teleportation and quantum cryptography. 1)-5) Among the best known applications of entanglement are superdense coding 6), 7) and quantum state teleportation. 8), 9) In brief, entanglement has been a resource of great utility in quantum computation and quantum information. The creation and transformation of entanglement are dynamical processes of interest in quantum information theory. Many studies are devoted to explore the dynamical properties of entanglement. 10), 11) Recently much attention has been given to the theoretical studies of entanglement dynamics in ideal molecular systems 12)-15) and using molecular vibrational states for quantum computing. 16), 17) In this work we explore the entanglement dynamics of realistic molecular anharmonic stretching vibrations in triatomic molecules by the Lie-algebraic approach. Entropy provides one tool which can be used to quantify entanglement. It measures how much uncertainty there is in the state of a physical system. Here we choose the linear entropy and von Neumann entropy as measures of quantum entanglement. Both of them are decided by the density operator or density matrix of quantum systems. The density operator can be applied to described individual subsystems of a composite quantum system. 1) Such a description is provided by the reduced density operator, so it is so useful as to be virtually indispensable in the analysis of composite quantum systems. In this research, we give analytical expression of reduced-density matrices by using the algebraic Hamiltonian which is presented by the quadratic anharmonic oscillators model. 18), 20), 21) We have successfully studied the infrared multiphoton resonant transition and selective vibrational excitation for small molecules 23), 24) by using the Hamiltonian. Here we employ the Hamiltonian to study the entanglement dynamics of molecular vibrations for various initial states. The linear triatomic molecules HCN and DCN are taken as examples. It is shown that the entanglement of vibrations displays quite different behaviors for different initial states. The properties of dynamical entanglement also depend on the vibrational transitions in molecules.
The paper proceeds as follows. In §2, the analytical expression of reduceddensity matrices is derived by the Lie algebraic method. Then the linear entropy, von Neumann entropy and the Lyapunov function can be analytically obtained. The mean values of entropy and the Lyapunov function are also calculated. In §3, the time evolution of the entropy and the Lyapunov function for various initial states in molecules HCN and DCN are investigated. The different dynamical properties of entanglement of vibrations in HCN and DCN are discussed. The paper ends with conclusions and some discussions in §4. §2. Theory
The general theoretical framework
For a quantum system with time-independent Hamiltonian, the time-dependent wave function can be obtained by
where |ψ(0) is the initial state of the quantum system. Here = 1 as we choose atomic units. Then the total density operator and the reduced density matrices can be described as
2)
where Tr 2 denotes the partial trace over the second subsystem. The linear entropy S l (t) and von Neumann entropy S n (t) are defined by, respectively, 25), 26)
The stability of the quantum control system can be described by the Lyapunov function 27), 28)
Here the Lyapunov funciton is used to investigate the "distance" between the state |ψ(t) and the initial state |ψ(0) .
The mean values of the linear entropy, von Neumann entropy and the Lyapunov function over long time T are defined bȳ
Dynamical Lie algebraic model
We consider the one-dimensional vibrational motion of a diatomic molecule firstly. For completeness, we brief review the well-known results for the U (2) dynamical symmetry of diatomic molecules. The U (2) algebra is successfully applied to describe vibrations, and U (2) possesses two dynamical symmetry chains:
The Hamiltonian of a non-rotating Morse oscillator could be written aŝ
where ω 0 is the frequency of the anharmonic oscillator, andP andQ are the bilinear products constructed by the generators of U (2) algebra. 18)-22) An equivalent quadratic expression of Morse oscillator Hamiltonian (2 . 8) iŝ
where the creation (Â † ) and annihilation (Â) operators are defined as 18)
which obey the commutation relations
It should be noted that I 0 tends to the identity operator in the harmonic limits, and x 0 → 0 in these limits. The anharmonic correction is given in order of
The triatomic molecule could be thought as the two coupled Morse oscillators, i.e., the dynamical symmetry group of a triatomic molecule is
(2 . 12)
Then for stretching vibrations in a triatomic molecule, the algebraic Hamiltonian readsĤ
where the '1' and '2' subscripts denote one of the two bonds of the molecule, respectively, λ is the coupling coefficient, and we here include the kinetic and potential linear couple terms. The Hamiltonian (2 . 13) could be rewritten, by using Eq. (2 . 10), aŝ
where ω 01 and ω 02 are the angular frequencies of the triatomic molecule corresponding to the bond 1 and bond 2. λ is the coupling coefficient which can be determined by the experimental values. This Hamiltonian can reproduce the real situations of vibrations in the linear triatomic molecules. 23), 24) The initial states are taken to be
where v 0 = v 1 can be arbitrary value between 0 and
According to Eqs. (2 . 1), (2 . 14) and (2 . 16), the time-dependent wave function can be written as
where 
in which the function γ 0 , γ + , γ − can be obtained using algebraic operations 19) where
The analytical expression of reduced-density matrices can be given by using Eqs. (2 . 3) and (2 . 17), 
The Lyapunov function can be obtained by using Eqs. (2 . 5) and (2 . 17), 
) and |v n , 0 . The first and third kinds of initial states are of local-mode character and the second kind of initial states are of normal-mode character. We calculate the linear entropy and von Neumann entropy with those various initial states, the results are given in Figs. 1-8 . From these figures, we can see the linear entropy and von Neumann entropy have the similar behaviors for the same quantum system which is consistent with other research. 29), 30) Figures 1 and 2 show the entanglement dynamics of vibrations in HCN and DCN for initial states |0, v n (v n = 3, 6, 9, 12, 15), respectively. The evolutions of the entropies are both regular and periodic in HCN and DCN molecule. With the increase of the vibrational quantum number v n , the values of entropy become larger and the period of the entropy become shorter. Furthermore, the oscillation frequencies of HCN are larger than those of DCN. It should be mentioned that the initial states are difficult to be obtained because the excitation of C-H (or C-D) bond is much easier than that of C-N bond.
For initial states |
) (v n = 3, 6, 9, 12, 15), the entanglement behaviors in HCN and DCN are given in Figs. 3 and 4 . The oscillations of the entropy become irregular as v n increases. However, in Fig. 7 it is interesting that the "classical"-like beat phenomena of the entropy happen in longer time evolution when v n = 2, 3, 4. From Fig. 7 , we can also see the beat has the longer period in entanglement for DCN which means the entanglement can last for a long time. In addition, we find that the behaviors of entanglement are similar for the initial states |
. Thus we only give the results of the former. Figures 5 and 6 give the entanglement dynamics of vibrations in HCN and DCN for initial states |v n , 0 (v n = 3, 6, 9, 12, 15), respectively. The period of entropy becomes longer as v n increases which is different from the entanglement behavior with initial states |0, v n . The evolution of the entropy in DCN molecule has better quasiperiodic behavior than in HCN molecule. For HCN molecule, the oscillation becomes irregular as v n increases. But we find that there is a valuable phenomenon in the behavior of the entropy for HCN when we take the high-excited states v n = 15, 20, 25 as the initial states. The period of the entropy becomes regular and smaller, at the same time, the amplitude of the entropy decreases as v n increases (see Fig. 8(a) ). This result would be usable for quantum computation and quantum information because the state which is in entanglement has the tendency of disentanglement. 1) Virtually, it is the strong local-mode vibration of C-H bond which causes to the interesting property in HCN. 13) That is to say, the vibration of C-H bond has a strong local character in high-excited states. In addition, the phenomenon can also be observed in Fig. 8(b) in which v n is taken to be 35, 40, 45. The initial states are taken to be the higher excited state for DCN because the anharmonic parameter of DCN is much smaller than that of HCN molecule. Generally, the entropy has better quasiperiodic character for the local-mode initial states than that for normal-mode states, this character has been mentioned in other researches. 13), 14) Additionally, the amplitude of the entropy is larger for the normal-mode initial states. The corresponding Lyapunov functions in evolution are given in Figs. 9 and 10. The Lyapunov functions have the similar behaviors with the linear entropy. It is shown that the "distance" between the initial state and the state in evolution is also related to the initial state. The state in evolution may still stay at the initial state (L y (t) = 0) or transit to other states completely (L y (t) = 1). From those figures, we can see that there is more probability to transit from the initial state to other states for the normal mode initial state (see Figs. 9(b) and 10(b) ) than the local mode initial state (see Figs. 9(a)(c) and 10(a)(c)) in evolution. Furthermore, we also notice that the value of the "distance" is close to 1 more quickly for |v n , 0 states than |0, v n states as v n increases. This means the excitation of C-H (or C-D) bond is the main factor which promotes the chaotic motion. The result also coincides with the other research. 31) At last, Figs. 11 and 12 give the mean entanglement and the mean Lyapunov function, respectively. They display the similar behavior for the total vibrational Fig. 8(a) . The turns of the mean entropies show the normal-to-local transition. It should be pointed out that the turn of the mean entropy can also be observed in DCN as long as the vibrational quantum number v 0 is high enough. From these figures, we can see that the choice of the initial state has a crucial impact on the dynamical entanglement of anharmonic stretching vibrations in realistic molecules. §4.
Conclusions and discussion
In summary, we have studied the entanglement dynamics of anharmonic stretching vibrations in triatomic molecules for different initial states by the Lie algebraic approach successfully. We take HCN and DCN molecules as examples. Both the linear entropy and von Neumann entropy are used to measure the dynamical entanglement, and the two measurements are found to have the similar behavior. For all initial states, the entropy has a better periodic behavior for the local-mode initial state |0, v n and |v n , 0 than for the normal-mode initial state |v 0 , v n − v 0 (v 0 = Fix{v n /2}). Furthermore, the entropy in DCN displays a longer period and a larger amplitude than in HCN. We also find the dynamical entanglement is related to the vibrational transition of the local-mode and normal-mode. The interesting changes in Fig. 8 and the turns of the mean entropy in Fig. 11 can exhibit the char- acter. The other significant phenomenon is the longer-period of the "classical"-like beat in the entanglement as we have seen in Fig. 7 . That behavior means the entanglement can last for a long time which may be a valuable character for quantum computing based on vibrational states. With the aid of long-time entanglement, otherwise impossible tasks may be achieved in quantum computing. As a whole, the dynamical entanglement of anharmonic stretching vibrations in triatomic molecules heavily depends on the initial states. We can obtain the required entanglement by choosing the different initial state. It is worth to investigate the impact of different initial states on the entanglement in realistic molecular systems. The results may be helpful in quantum computing based on vibrational states. The method can also be used to study the dynamical entanglement in other polyatomic molecules. Further theoretical studies about the influence of chaos on the dynamical entanglement in the high-excited molecular system are in progress.
